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The flow is  considered of an  e las tov i scous  fluid whose  deformat ion state  is expressed  by 
means  of k inemat ic  m a t r i c e s  in the f o r m  of a thin l aye r  between two rota t ing coaxial cones 
with the same angular  ve loc i ty .  

The theological  equation of s tate  for  a nonl inear  e las toviscous  fluid [1-4] 
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has been widely studied la te ly .  

The kinematic  m a t r i c e s  B1, 2 depend on the gradients  of ve loci t ies ,  acce le ra t ions  and higher  t ime 
der iva t ives  of veloci ty; /aeff ,  3i a r e  functions of the invar iants  B1, 2. 

ing 

(i) 

For  an incompress ib le  medium the ma t r ix  B 1 is  equivalent to the c lass ica l  veloci ty  t enso r  of s hea r -  
s t ra in  for  a Newtonian fluid.  

The coefficient  of effect ive v iscos i ty  can be wri t ten as [5] 
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Fig.  1 Fig.  2 
F ig .  I .  Flow diagram.  

Fig .  2. Graphs of y =f(x) :  1) n = 0 . ! ;  2) 0.2; 3) 0.4;  4) 0.6; 5) 0.8;  6) 1.0; 
7) 1.4; 8) 1 .9 .  
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F ig .  3. The re lat ion y = f(x): a) polyacrylamide solution 
at  K = 15 dyne �9 s e c n / c m  2, n = 0.56; b) the s ame  at 
K = 3.15 dyne �9 s e c n / c m  2, n = 0 .66 .  The points  show ex -  
pe r imen ta l  r e s u l t s  (1) f iat  nozzle  of 8 0 r a m  d iam. ;  2a f la t  
nozzle  of 100ram d i am. ;  3) con ica lnozz le  of 80 m m  d i a m . ,  

= 60 ~ . Continuous cu rves  r e p r e s e n t  theore t i ca l  da ta .  

~eff= KE"-:. (2). 

The coeff icient  fll d e t e r m i n e s  the magnitude of the expansion (or compress ion)  no rma l  s t r e s s e s  a long  
the s t r e a m  l ines .  It  was shown in [6-8] that  fil i s  p ropor t iona l  to the  square  of v i scos i ty  and i s  given by 
the fo rmu la  

1 o 

~i = - ~ o  ~;ff" (3) 

The solution i s  given below of the flow of nonl inear  e las tov i scous  fluid whore rheologica l  s ta te  equation is  
governed by Eq.  (1) in a field of centr i fugal  f o r c e s .  

Let t h e r e  be a nonl inear  e las tov i scous  flow in the f o r m  of a thin l aye r  between two ro ta t ing  coaxial  
cones  with the s a m e  angular  veloci ty  (Fig. 1), The g e n e r a t o r s  of the cones a r e  p a r a l l e l .  It i s  a s su med  
that:  1)the flow is  s teady and the fluid i ncompres s ib l e ,  2) the d is tance  between the cones  is  cons iderab ly  
s m a l l e r  than between the g e n e r a t o r s ,  3) the flow is  s y m m e t r i c a l  r e la t ive  to the axis  of rotat ion,  4) the 
angular  ve loci ty  is  suff iciently high so that  gravi ta t ion fo rce  can be ignored.  

The fluid flow is  considered in a specia l  coordinate  s y s t e m  l, ~0, 6, r ig idly  fixed to the cone.  The 
int roduced s y s t e m  is  or thogonal ,  i t s  Lam~ coeff ic ients  being: H l = 1, H~0 = r - -6  cos a ,  H 6 = 1. By con-  
s ider ing  6 / l  < < 1 one can wri te  Hg o r .  

The di f ferent ia l  equations in the adopted coordinate  s y s t e m  with the assumpt ions  taken into account  

Op ~ 9Fl+ KO ['En_~ Ov~ ] K2 0 [E,~_t Ov~ ]" 
- al - ~ - [  a~ ] Co az a~ _~ 

(4) 

,oF,~ + - ~ -  E ~-* 0 - &,~ Ov~ = 0 ,  (5) 
d6 Go r2 Ol 06 06 

o6~ + oFo + o ,o6 o, e = [ ( )X ! (6) 

a r e  given by: 

The boundary conditions, a re :  

for 6 = 6  0 v ~ = v r  

for 6 = 0  3v~ " 5vr 
06 ~ U  = o. 

The body f o r c e s  consis t  of the Cor io l i s  and the centr i fugal  fo rces :  

F z = (rc0 * - -  2coy 0 sin ~, 

F,~ = 2oJv t s i n  a, 

F8 = (--  rco ~ + 2ow~) cos a. 

(7) 
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T o  find the solution it is  assumed that the original functions vl, vcD, P a re  polynomials in the 'pa ra -  
mete r  5. 13y vir tue of the flow symmet ry  they depend only on  I and 6.  'Their  form is [9,10, 11]: " 

nq-1 

ol=vt(l ,  6 ) : a  t(1)+b~([)8+cz(l)~ n , 

n+____L 
% =' v~ (I, 5) = a~ (l) + b~ (l) ~ + c~ (l) 5 " , 

p = p~ (z) + p~ q) ~. (9) 

By using the boundary conditions (8) the relat ions (9) can be replaced by: 

n+ l  n-I-. 1 

vz = cl (t) (6 , - -  ~o n ), 
nq.-I nq-1 

v~=%(t ) (~  n --~o " ) .  

To determine v i the relat ion is used 

(lO) 

Q 2 (v:dS. 

By insert ing the value of v 1 f rom (10) an expression is obtained for the meridional  velocity,  

vz ~ Q 2n + 1 "~+~ "+~ 
( n ~--~-~-) ((% - - 5  n (11) ! 2nq-1 ). 

4nrS0 n 

Equation (5) is  used to determine v p. By using the Karman--Pohlhausen method one obtains the 
sys tem of equations 

~5, 6o 6o 
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60 do 

oo o, 1 
0 0 

50 
S K~Z)t 0 [r2E2(n_l) O0 t OOq~ ] rd~) :O.  ( 1 2 )  
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By evaluating the integrals  in Eqs.  (12) using the boundary conditions (7) as well as the constancy of the 
flow rate  per  second and by eliminating f rom these  equations ~cq~/0/, (me obtains af ter  some t r ans fo rma-  
t ions the following expression for the sought cq~ 

( p(o sin~ - - ~  

% = n--I (13) 

o. ~ 2 n + l  ) \  n , \ ~ "  

Using the notation 

one obtains f rom (13) 

C~ pco sin ~ r~-15~ n 

'n-- |  

x = g ( l §  2 . (i4) 

Using Fig .  2 one can solve graphic, ally the relat ion (14) for  y if x is known.  

An expression for  p is found s imi lar ly  as in [11] by ignoring the t e r m  K / r  0/0l 
in view of i ts  smal lness  compared to 0Fs .  

[ r E n - l o V z / O ~ l  in  (6) 
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A v e r a g i n g  o v e r  the  t h i c k n e s s  one ob ta ins  an e x p r e s s i o n  f o r  a v e r a g e  v e l o c i t i e s  f r o m  (10) and (11): 

Q vQ 
Vtave= 4nl sin cea5 o ' V~ave=, 4nl sin ~6 o (15) 

I t  fo l lows  f r o m  (15) t ha t  f o r  a g iven  s t a t e  v i a v e a n a  V~o ave  a r e  l i n e a r l y  r e l a t e d .  

T h e  v a l u e s  of t he  g r e a t e s t  p o s s i b l e  f low r a t e  a r e  now d e t e r m i n e d  such tha t  t h e r e  i s  no choking.  T o  
th i s  end i t  i s  a s s u m e d  tha t  in  t he  f i r s t  a p p r o x i m a t i o n  v~0 = 0, a p / ~ / < <  o F / .  

Equa t ion  (4) then  b e c o m e s  

Pfl-H K ~  ( out )n , [ / ~ 2 : : 0  ( OU l ~2n 
i T  Lao ol i T  / 

T h e  b o u n d a r y  condi t ions  a r e :  

( ' f f=o .  (16) 
Gel ~ 08 ,I 

f o r ~  8 = -~ 6 o 

for 8 = 0 

0 t = O,- 

Ooz _ O. 
06 (17) 

The  p r o f i l e  i s  g iven  a s  
/ 6 

vz = Vzm~ ( 1 . ~  6o 

then  the  r e l a t i o n  b e t w e e n v l m a x  and V/ave can  be  wr i t t en  a s  

n+l  . 

), (18) 

_ / 2 n + l ~  
V'raa-" -- Vtave i ~ ,  l ) " (19) 

One ob ta ins  f r o m  Eq .  (16), s i m i l a r l y  as  in (12), the  equat ion 

450 13o 6o 
K 0 K ~ O / Ovl ~'~ ( ~ l  I r d a - - j '  rd8 j p F f d a + ;  - ~ /  Ov \n 

ITr  ) 
o 0 0 

6o 
( a 6 :  o. (20) -,f" T7  o6 

o 

By eva lua t i ng  the  i n t e g r a l s  a p p e a r i n g  in Eq .  (20) and u s ing  the  bounda ry  condi t ions  (17) and (19) one 
ob ta ins  

(vzave)-2n __ (Vt ave) :;~ pFza~+ 1 - -  3pGoFza~on l 

Equa t ion  (21) can e a s i l y  be  solved and one i s  thus  ab le  to  ca l cu l a t e  the  va lue  of the  f low r a t e  p e r  
second f o r  e n t r y  condi t ions :  

1 
Utave = I. 

2n- -  1 i 
• 

�9 1l. i L ]// 
29F~8~+1 , I -~ 1 if- A I ~ 

In  t he  above  A = 8( i  - -  n)p82opsin~ i s  the e l a s t i c i t y  p a r a m e t e r .  
36 o 

(21) 

(22) 

I t  can  be  s een  f r o m  (22) tha t  with the  e l a s t i c i t y  p a r a m e t e r  i n c r e a s i n g  the  va lue  of the  a v e r a g e  m e r i -  
d ional  ve loc i t y  i s  r e d u c e d .  F o r  G O -- 400,  200, 100 d y n e / e r a  2, n = 0 .5 ,  w = 100 sec  -1, p = 1.02 g / e r a  3, 50 
= 0 .1  era ,  ~ = 60 ~ , one has  

Vlave,Go=4Oc. 2oo, 1oo ~ 0.87; 0.78; 0.66. 
Oil ave 16o = -  

E x p e r i m e n t s  w e r e  c a r r i e d  out t o  v e r i f y  t h e s e  r e s u l t s .  D e t a i l s  of the  e x p e r i m e n t s  w e r e  d e s c r i b e d  
in [11]. Aqueous  so lu t ions  o f p 0 1 y a c r y l a m t d e  (PAAlVI) w e r e  t aken  a s  e x a m p l e s .  A c a p i l l a r y  v i s c o m e t e r  
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of constant pressure was used to determine the rheological constants. 

The experiments were carried out for fiat and conical nozzles. The experimental results are shown 
in Fig. 3 where it can be seen that the experimental points are convincingly grouped near the theoretical 
curve and it can thus be concluded that the rheological state equation used by us can be applied. 
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NOTATION 

is the hydrostatic pressure; 
is the identity matrix; 
are  the rheological fluid constants; 
is the second invariant of strain rate tensor; 
is the initial modulus of high elasticity; 
is the stress tensor; 
are the Lam~ coefficients; 
is the fluid density; 
are  the cone generator, length, distance from axis to fluid particle M; 
is the distance between surface and axis of revolution; 
is the cone vertex angle; 
are the projections of body forces in directions l ,  r and ~ respectively; 
is the meridional velocity; 
is the lag velocity; 
is the distance between cones; 
is the angular velocity of revolution of conic surfaces; 
is the fluid flow rate per sec. ;  
is the cross section areas between cones. 
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